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ABSTRACT
A covariant path integral calculation of the even spin structure contri-
bution to the one-loop N-graviton scattering amplitude in the type-II super-
string theory is presented. The apparent divergence of the N = 5 amplitude
is resolved by separating it into twelve independent terms corresponding to
different orders of inserting the graviton vertex operators. Each term is well
defined in an appropriate kinematic region and can be analytically continued
to physical regions where it develops branch cuts required by unitarity. The
zero-slope limit of the N = 5 amplitude is performed, and the Feynman di-
agram content of the low-energy field theory is examined. Both one-particle
irreducible (1PI) and one-particle redicible (1PR) graphs with massless in-
ternal states are generated in this limit. One set of 1PI graphs has the
same divergent dependence on the cut-off as that found in the four-graviton
case, and it is proved that such graphs exist for all N . The 1PR graphs are
contributed by the poles in the world-sheet chiral Green functions.
†Work supported in part by National Science Foundation Grant PHY 90-08936.
1 Introduction
We present an explicit calculation of the one-loop five-graviton amplitude in
the critical NSR type-II string theory using path integral methods, resolve
its apparent divergence, and study its low-energy field theory content.1 In a
previous paper [1], we resolved the divergence of the one-loop four-graviton
scattering amplitude in the type-II superstring theory by separating the am-
plitude into terms corresponding to different orders of inserting the graviton
vertex operators on the world-sheet. The scalar factor for each term con-
tains the proper-time representation of a box type Feynman diagram with
the internal lines summed over the mass levels of the superstring spectrum.
This decomposition of the amplitude, however, does not directly give terms
representing diagrams with single-particle intermediate states which are re-
quired by unitarity. In the case of the four-graviton amplitude such terms
result from duality by summing over an infinite number of mass levels on a
given internal line in the box diagram. No massless single poles appear in
the limit of the sum, however, and this is consistent with the fact that the
two- and three-graviton amplitudes vanish on the torus.
The one-loop five-graviton amplitude does contain a massless pole in two
to three particle channels in the limit when two vertex operators come close
together on the world-sheet and the sum of their respective momenta goes on
the graviton mass shell. The residue factorizes into a tree level three-point
amplitude times a one-loop four-point amplitude. Therefore, the integrand
of the one-loop five-point function must contain more than just a simple
extension of the exponential dependence on the bosonic world-sheet Green
function found in the one-loop four-point function. One finds no massless
pole, however, in the limit where three vertex operators come close together,
and the sum of their respective momenta goes on the graviton mass shell.
This is consistent once again with the fact that the three-graviton amplitude
vanishes on the torus.
A calculation of the one-loop five-graviton scattering amplitude using
operator methods was previously presented in [2]. The path integral approach
that we follow, however, makes the modular invariance and the field theory
limit more straightforward. In contrast to the four-graviton amplitude where
1We use the word graviton to include all of the massless vector bosons of the theory
(graviton, dilaton, and anti-symmetric tensor field).
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the massive single particle poles arise only from summing over box diagrams
(i.e. from duality), we find that the one-particle reducible (1PR) diagrams
with a massless single pole appear directly in the zero-slope limit of the five-
graviton amplitude. These massless single-particle poles are absent in the
four-graviton amplitude because the only dependence of the integrand on
the bosonic world-sheet coordinates of the vertex operators comes from the
exponential of the bosonic world-sheet Green function. This simple structure
results from the Grassman integration over fermionic world-sheet coordinates
and a Riemann identity for theta functions. We find that in the case of the
five-graviton amplitude no such simplification exists, and the dependence of
the integrand on chiral Green functions cannot be avoided.
In addition to the 1PR diagrams, two sets of one-particle irreducible
(1PI) graphs with massless internal states also occur in the zero-slope limit
of the five-graviton amplitude. In each set, all possible distinct channels con-
tribute. These distinct channels arise from dividing the integration region of
the imaginary part of the coordinates for the vertex operators into their dif-
ferent possible orderings in exact analogy to the four-graviton amplitude [1].
Once again, each ordering must be independently analytically continued in
the external momenta to the physical region for scattering in order that a
finite answer for the amplitude be obtained without violating momentum
conservation or the graviton mass shell condition. A straightforward trans-
formation from the world-sheet coordinates to Feynman parameters can be
found in the zero-slope limit, and a convenient set of momentum invariants
exists for each channel which makes the identification of the two-particle cuts
trivial. We argue that higher order terms in the low-energy expansion corre-
spond to Feynman diagrams with massive internal states from the superstring
spectrum.
One set of 1PI graphs has the expected logarithmic divergence in the
cut-off α′ [3] for a scalar five-point amplitude in ten dimensions and con-
tains powers of the Feynman parameters in the integrand corresponding to
derivative couplings in the low-energy field theory. We also find another
set of 1PI graphs appearing in the zero-slope limit which has the same de-
gree of divergence as that found in the four-point amplitude. The term that
generates these graphs has exactly the same form as in the four-graviton
case (i.e. a kinematic factor times a scalar integral), but with the product
over world-sheet bosonic Green functions extended to incude the extra par-
ticle. Therefore, in the zero-slope limit one obtains 1PI graphs with cubic
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interactions but with the wrong power of Im τ in the denominator of the
integrand for a scalar five-point amplitude in ten dimensions. One can prove
this result in string theory from modular invariance. The one-loop four- and
five-graviton amplitudes receive contributions only from the three even spin
structures on the torus. The term generating these particular 1PI graphs in
the zero-slope limit comes from the even spin structure part of the ampli-
tude. Since the integrand of this term contains the same modular invariant
function no matter how many external gravitons are inserted, its dependence
on the proper-time variable Im τ is fixed by the requirement that the entire
integral be modular invariant. It may then be shown that these 1PI graphs
will have the same linear divergence in the cut-off to all orders in the number
of external gravitons. Therefore, modular invariance from string theory tells
us that inserting additional external gravitons will not change the degree of
divergence of this set of 1PI Feynman graphs in the low-energy field theory.
In sect. 2 we present an explicit outline of the calculation of the even spin
structure contribution to the genus-one N-graviton scattering amplitude in
the type-II superstring theory using the NSR path integral formulation. Al-
though this calculation was given by D’Hoker and Phong [4] in the superspace
approach, the component formulation presented here makes the identification
of the low-energy structure more straightforward. In sect. 3 we show how
the four- and five-graviton amplitudes may be obtained from the general N-
graviton result by performing the necessary Grassman integrations and verify
that they are modular invariant. In sect. 4 we examine the Feynman diagram
content of the zero-slope limit of the five-graviton amplitude and discuss the
unusual ultra-violet divergence in the cut-off contained in the 1PI part. In
sect. 5 we present some concluding remarks.
2 The N-graviton amplitude
We begin the calculation of the even spin structure contribution to the one-
loop N-graviton scattering amplitude by quoting the result for the partition
function [4] on the torus with fixed even spin structure [νa, νb] for the left
movers and [νa, νb] for the right movers.
2 We suppress spacetime indices for
2[νa, νb] can take on values [
1
2
, 0], [0, 1
2
], and [0, 0] for even spin structure. We denote
these by the subscript ab = 10, 01, and 00 respectively.
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the fields when unambiguous.
Zνν =
∫
dµ
∫
[Dψ][Dψ][Dx] e−S
S =
1
2πα′
∫
id2z
(
∂x∂x +
1
2
ψ∂ψ −
1
2
ψ∂ψ
)
, (1)
where the gauged fixed measure for the integral over inequivalent world-sheet
metrics on the torus is given by
dµ =
d2τ
τ2
|η(τ)|4
∣∣∣∣∣Θab(0|τ)η(τ)
∣∣∣∣∣
−2
. (2)
The complex modular parameter for the torus is τ = τ1 + iτ2, and the
Dedekind eta function is given by η(τ) = exp [ iπτ
12
]
∏∞
n=1 (1− e
2iπnτ ). Θab(z|τ)
is the Jacobi theta function with characteristics [νa, νb] (see appendix).
We obtain the even spin structure contribution to the N-graviton scat-
tering amplitude by inserting N vertex operators of the following form [4].
V (z, z; θ, θ; p) = κǫµνD+Φ
µD−Φ
ν eip·Φ
Φµ(z, z; θ, θ) = xµ + θψ
µ
− θψµ , (3)
where the superderivatives in the superconformal gauge are given by
D+ =
∂
∂θ
− 2θ∂
D− =
∂
∂θ
+ 2θ∂ , (4)
and κ is the gravitational coupling constant with dimension [L]4 for d =
10. The world-sheet matter integrals are easily performed after introduc-
ing Grassman sources for the superderivative pieces. We therefore take the
expectation value of the following operator,
O(η, η) = exp
N∑
i=1
[ipi · Φi + iηi ·D+Φi + iηi ·D−Φi] . (5)
The result can be written in terms of the world-sheet Green functions Gab
and Sab defined by
∂∂Gab(z, z) = δ
(2)(z, z) +
1
2iτ2
δa,1δb,1
Sab(z) = ∂Gab(z, z) . (6)
4
The particular Green functions useful for our purposes are
G11(z, z) = −
1
2iπ
log
∣∣∣∣∣e−πy2/τ2Θ11(z|τ)η(τ)
∣∣∣∣∣
2
Sab(z) = −
1
2iπ
Θab(z|τ)Θ
′
11(0|τ)
Θab(0|τ)Θ11(z|τ)
, ab 6= 11 . (7)
The N-graviton scattering amplitude for fixed even spin structure in both
the left and right moving sectors is given by3
Γνν =
κN
(α′)7−N
∫
F
d2τ
(τ2)6
∫ [ N∏
i=1
ǫµiνii dηiµidηiνid
2θid
2zi
]
× exp

−iπα
′
2
∑
ij
′
pi · pj
[
Gij11 +
1
4iτ2
(zij − zij)
2
]

×
∣∣∣∣∣Θab(0|τ)[η(τ)]3
∣∣∣∣∣
8
exp
[
Kab(η, θ) + Kab(η, θ)
]
× exp

πα
′
τ2
∑
ij
′
[
pi · ηjθj(zij − zij) + pi · ηjθj(zij − zij)
+
1
8
pi · pj(zij − zij)
2 + 2ηi · ηjθiθj + ηi · ηjθiθj + ηi · ηjθiθj
]}
,(8)
where the chiral piece Kab(η, θ) depending holomorphically on z and τ is
Kab(η, θ) = −iπα
′
∑
ij
′
{
pi · pjθiθjS
ij
ab + ηi · ηjS
ij
ab − 2pi · ηjθiS
ij
ab
− 2pi · ηjθj
[
(∂jG
ij
11)−
1
2iτ2
(zij − zij)
]
− 2ηi · ηjθiθj
[
(∂i∂jG
ij
11)−
1
2iτ2
]}
. (9)
All terms proportional to delta functions have been dropped in the above
expression since they do not contribute to the integral for values of the exter-
nal momenta away from intermediate particle poles. The complex modular
3The primes on the sums indicate that the i = j terms are excluded as a conse-
quence of normal ordering. The superscripts on the world-sheet Green functions label
their z-dependence Gij
11
= G11(zi − zj).
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parameter (τ = τ1 + iτ2) is integrated over the fundamental domain,
−
1
2
≤ τ1 ≤
1
2
, τ2 > 0 , and |τ | ≥ 1 , (10)
and the coordinates of the vertex operators (zi = xi+ iyi) are integrated over
the torus,
τ1
τ2
yi ≤ xi ≤
τ1
τ2
yi + 1 , and 0 ≤ yi ≤ τ2 . (11)
Since the spin structures must be summed independently for the left
and right movers, we split the mixed chirality piece by introducing the loop
momenta as follows [4]. First, however, we include the finite i = j terms in
the sum which amounts to a finite renormalization of the vertex. We can
then re-write the mixed chirality piece as
exp

−πα
′
τ2
[∑
i
(
ηµi θi + η
µ
i θi −
1
2
pµi (zi − zi)
)]2
. (12)
We now split this term into a product of holomorphic and anti-holomorphic
factors with the following identity.
1 =
(
τ2
4α′
)5 ∫ [∏
µ
dqµ
]
× exp

−πτ24α′
[
qµ −
2iα′
τ2
∑
i
(
ηµi θi + η
µ
i θi −
1
2
pµi (zi − zi)
)]2
.
(13)
This allows us to write (12) as
(
τ2
4α′
)5 ∫ [∏
µ
dqµ
] ∣∣∣∣∣exp
[
iπτ
8α′
q · q + iπ
∑
i
(
q · ηiθi −
1
2
q · pizi
)]∣∣∣∣∣
2
. (14)
The result for the even spin structure contribution to the N-graviton
amplitude then factorizes into holomorphic and anti-holomorphic pieces, and
each is summed over even spin structures with phases determined by the
requirement of modular invariance. We quote here the final result written in
6
component form.
ΓN =
κN
210(α′)12−N
∫
F
d2τ
τ2
∫ [ N∏
i=1
ǫµiνii dηiµidηiνid
2θid
2zi
]
×
∣∣∣∣∣∣exp

−iπα′
2
∑
ij
′
pi · pjGˆ
ij
11


∣∣∣∣∣∣
2
×
∫ [∏
µ
dqµ
] ∣∣∣∣∣exp
(
iπτ
8α′
q · q −
iπ
2
∑
i
q · pizi
)∣∣∣∣∣
2
×
∣∣∣∣∣∣
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
exp
[
Kab(η, θ) + iπ
∑
i
q · ηiθi
]∣∣∣∣∣∣
2
,(15)
where we define Gˆij11 to be the holomorphic part of G
ij
11 +
1
4iτ2
(zij − zij)
2.
We have factorized the integrand of eq. (15) into a piece depending
holomorphically on z and τ times a piece depending anti-holomorphically
on these variables. Since some of these factors do not depend on either
the spin structure or the chiral Grassman sources, for purposes of calcula-
tion it is simpler to complete the square in the qµ integral and then shift
qµ → qµ − iα
′
τ2
∑
i p
µ
i (zi − zi). Using momentum conservation we then define
K˜ab(η, θ; q) = Kab(η, θ) + iπ
∑
j
[
q −
iα′
τ2
∑
i
pi(zij − zij)
]
· ηjθj , (16)
to write
ΓN =
κN
210(α′)12−N
∫
F
d2τ
τ2
∫ [ N∏
i=1
ǫµiνii dηiµidηiνid
2θid
2zi
]
× exp

−iπα′
2
∑
ij
′
pi · pjG
ij
11

 ∫
[∏
µ
dqµ
]
exp
[
−
πτ2
4α′
q2
]
×
∣∣∣∣∣∣
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
exp
[
K˜ab(η, θ; q)
]∣∣∣∣∣∣
2
. (17)
3 The five-graviton amplitude
Before looking at the five-graviton amplitude, we examine the case for N < 5
in order to make clear the different structure that appears at N = 5. Instead
7
of expanding the exponential in eq. (17) and then performing the Grassman
integration, it is somewhat easier in practice to use the fact that this process
is equivalent to Grassman differentiation. Some useful expressions are
exp
[
K˜ab(η = 0, θ; q)
]
=
∏
1≤i<j≤N
[
1 − 2iπα′pi · pjθiθjS
ij
ab
]
,
∂
∂η
µj
j
K˜ab(η = 0, θ; q) = 2iπα
′
∑
i 6=j
piµj
[
θiS
ij
ab + θj
(
∂jG
ij
11
)]
+ iπqµjθj
∂
∂ηµii
∂
∂η
µj
j
K˜ab(η = 0, θ; q) = 2iπα
′gµiµj
[
Sijab − 2θiθj
(
∂i∂jG
ij
11 −
1
2iτ2
)]
.(18)
These equations allow one to differentiate using the chain rule and to drop
all those terms which would have cancelled anyway.
The contribution for N = 0 vanishes trivially due to a Riemann identity
for theta functions (see appendix). In fact, for N ≤ 3 the only contribution
allowed by the Grassman integration over the θi consists of terms with prod-
ucts of either no world-sheet fermion propagators Sijab, two propagators, or
three propagators. In each of these cases the contributions can be shown to
vanish as a result of the same Riemann identity [5]. When N = 4, however,
the Riemann identity gives instead of zero
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
Si1i2ab S
i2i3
ab S
i3i4
ab S
i4i1
ab = −1 , (19)
and eliminates the dependence of the integrand on the fermionic Green func-
tion Sijab.
Since the above sum over spin structures is independent of the world-
sheet coordinates zi, the kinematic structure can be factored outside the
integral leaving a single integral expression for the scattering amplitude. As
a direct consequence, the only dependence of the integrand on the world-sheet
coordinates comes from the exponential of the bosonic Green function Gij11.
However, in order that the amplitude be well defined for non-trivial external
momenta, we must divide the integration region for the Im zi into three
kinematic regions where each piece can be analytically continued separately
in the external momenta [1]. In the zero-slope limit these will give only the
three distinct channels of 1PI graphs and no 1PR graphs. We quote here for
8
completeness the well known result [6].
Γ4 =
κ4
α′
[
4∏
i=1
ǫµiνii
]
Kµ1µ2µ3µ4Kν1ν2ν3ν4
×
∫
F
d2τ
(τ2)2
∫ [ 3∏
i=1
d2zi
τ2
]
exp

−iπα′
2
∑
ij
′
pi · pjG
ij
11


Kµ1µ2µ3µ4 = −
1
2
[gµ1µ3gµ2µ4st+ gµ1µ4gµ2µ3su+ gµ1µ2gµ3µ4tu]
+s [gµ1µ3p1µ4p3µ2 + gµ1µ4p1µ3p4µ2 + gµ2µ3p2µ4p3µ1 + gµ2µ4p2µ3p4µ1 ]
+t [gµ1µ2p1µ3p2µ4 + gµ1µ3p1µ2p3µ4 + gµ2µ4p2µ1p4µ3 + gµ3µ4p3µ1p4µ2 ]
+u [gµ1µ2p1µ4p2µ3 + gµ1µ4p1µ2p4µ3 + gµ2µ3p2µ1p3µ4 + gµ3µ4p3µ2p4µ1 ] ,
(20)
where s, t, and u are the usual Mandelstam invariants, gµiµj is the flat space-
time metric, and we have used translational invariance to fix z4 = τ . When
written in this form the modular invariance of the four-graviton amplitude
is trivial to verify. The bosonic Green function G11(z, z|τ, τ) given in eq. (7)
is invariant under the modular transformation τ → aτ+b
cτ+d
in conjunction with
the conformal change of coordinates z → z
cτ+d
. One recovers the original
integraton region for the world-sheet coordinates zi by making appropriate
lattice translations which are allowed due to the double periodicity of the
integrand.
The five-graviton amplitude is the highest order one-loop graviton scat-
tering amplitude for which the odd spin structure contribution vanishes due
to the integration over the Dirac zero modes [4]. Therefore, the full ampli-
tude can be obtained from eq. (17) by setting N = 5 and performing all the
Grassman integrations. Since there are now five vertex operators, we will
necessarily generate terms with products of five fermionic Green functions
Sijab which must be summed over even spin structures. In fact, a large num-
ber of such terms do appear in addition to others coming from the various
factors in eq. (18). However, we now have no Riemann identity to simplify
the sum over spin structures and eliminate the zi dependence. Rather than
presenting the complete result including the numerous permutations of both
the spacetime indices and the arguments of the Sijab and G
ij
11, we list only the
various types of terms which occur in order to verify the modular invariance
of the amplitude and examine its zero-slope limit.
9
After performing all the Grassman integrations, the final form of the
one-loop five-graviton amplitude can be written as
Γ5 = κ
5
[
5∏
i=1
ǫµiνii
] ∫
F
d2τ
τ2
∫ [ 4∏
i=1
d2zi
τ2
]
exp

−iπα′
2
∑
ij
′
pi · pjG
ij
11


×
∫ [∏
µ
dqµ
]
e−πq
2
Kµ1µ2µ3µ4µ5(zi, τ ; pi, q) Kν1ν2ν3ν4ν5(zi, τ ; pi, q) ,
(21)
where we have rescaled qµ →
√
4α′
τ2
qµ and used translational invariance to
fix z5 = τ . The only terms contributing to the Kµ1µ2µ3µ4µ5 are those resulting
from either products of four world-sheet fermionic Green functions Sijab or
five of them. Each of the terms with four Sijab multiplies a kinematic factor
containing four powers of the external momenta and can be simplified with
the identity (19). Let Pµi1µi2µi3µi4 stand for the possible products of external
momenta piµj , external momentum invariants pij = −(pi + pj)
2, and space-
time metrics gµiµj . The terms coming from the products of four S
ij
ab have the
general form
Pµi1µi2µi3µi4

∑
j 6=i5
(
∂i5G
ji5
11
)
pjµi5 +
(
1
α′τ2
) 1
2
qµi5

 , (22)
where the indices (i1, i2, i3, i4, i5) are some permutation of (1, 2, 3, 4, 5). The
sum over spin structures has already been performed thereby eliminating the
dependence on the Sijab. The terms with products of five S
ij
ab can be written
in the same notation where the sum over spin structures remains explicit. In
this case, however, Pµi1µi2µi3µi4µi5 will be fifth order in powers of the external
momenta. There are two types of terms.
Pµi1µi2µi3µi4µi5
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
Si1i2ab S
i2i3
ab S
i3i4
ab S
i4i5
ab S
i5i1
ab , (23)
and
Pµi1µi2µi3µi4µi5
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
Si1i2ab S
i2i1
ab S
i3i4
ab S
i4i5
ab S
i5i3
ab . (24)
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The modular invariance of eq. (21) can be checked easily by noting that an
even number of powers of loop momenta qµ are needed to give a non-zero con-
tribution to the integral. Since no cross terms present inKµ1µ2µ3µ4µ5Kν1ν2ν3ν4ν5
containing a single power of qµ appear, we get the necessary factor 1/τ2 from
the qµiqνj piece. We will see in the next section that this term gives 1PI
Feynman graphs in the low-energy limit. The properties of the world-sheet
Green functions under modular transformations are listed in the appendix,
and it is a simple matter to verify the modular invariance of the remaining
terms in eq. (21).
When written as a single integral expression, the five-graviton ampli-
tude (21) diverges for non-trivial values of the external momenta for the same
reason as the four-graviton amplitude [7]. Following [1] we first re-write4
exp

−iπα′
2
∑
ij
′
pi · pjG
ij
11

 = exp [πα′τ2Φ] ∏
1≤i<j≤5
χ˜
− 1
2
α′pij
ij , (25)
where
Φ = −
1
2
∑
1≤i<j≤5
pij
[
|yi − yj|
τ2
−
(
yi − yj
τ2
)2]
χ˜ij =
∣∣∣∣∣(1− e2iπzij )
∞∏
n=1
(1− e2iπτn+2iπzij )(1− e2iπτn−2iπzij )
(1− e2iπτn)2
∣∣∣∣∣ .
(26)
Next we divide the integration region for yi into the 4!/2 independent or-
derings of the difference yi − yj. The factor of 1/2 comes from the discrete
diffeomorphism zi → −zi + τ + 1 as explained in ref. [1]. For each of the
twelve orderings there exists a convenient set of five independent invariants
pij which simplify the form of the function Φ. For each kinematic region, the
corresponding contribution must be analytically continued independently in
the external momenta in order to preserve momentum conservation while on
the graviton mass shell. For example we find after rescaling yi → τ2yi
Φ(p12, p23, p34, p45, p51) = p12y1(y3 − y2) + p23(y4 − y3)(y2 − y1)
+p34(1− y4)(y3 − y2) + p45y1(y4 − y3)
+p51(1− y4)(y2 − y1) , (27)
4Here we change the normalization of the world-sheet bosonic Green function which is
allowed by momentum conservation and the graviton mass shell condition.
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for the ordering 1 ≤ y4 ≤ y3 ≤ y2 ≤ y1 ≤ 0. This contribution to the ampli-
tude therefore converges for Re p12 ≤ 0, Re p23 ≤ 0, Re p34 ≤ 0, Re p45 ≤ 0,
and Re p51 ≤ 0.
4 The zero-slope limit
The zero-slope limit of eq. (21) can now be taken in a straightforward way.
The most obvious source of 1PI graphs comes from the terms proportional
to the loop momenta qµ found in eq. (22). As already mentioned, the terms
linear in qµ do not contribute. The integral over the quadratic terms qµiqνj
must be proportional to the spacetime metric gµiνj . For a particular ordering
of the yi we get a kinematic factor times
Γ
(1PI)
5 =
κ5
α′
∫
F
d2τ
(τ2)2
∫ [ 4∏
i=1
d2zi
]
exp [πα′τ2Φ]
∏
ij
χ˜
− 1
2
α′pij
ij , (28)
where we have rescaled yi → τ2yi, and the product is understood to be
ordered such that yi − yj ≥ 0.
To perform the zero-slope limit of eq. (28) we proceed as in [1]. First
divide the fundamental domain into two regions with F = F1 + F2, where
F1 : −
1
2
≤ τ1 ≤
1
2
, and
√
1− (τ1)2 ≤ τ2 ≤ 1 .
F2 : −
1
2
≤ τ1 ≤
1
2
, and 1 ≤ τ2 ≤ ∞ . (29)
In region F1 we get
lim
α′→0
Γ
(1PI)
5
∣∣∣∣
F1
=
κ5
α′
(
π
3
− 1
)
+O(α′) , (30)
where the term zeroth order in α′ vanishes due to momentum conservation
and the graviton mass shell condition. For region F2 we find after rescaling
τ2 → τ2/(πα
′)
lim
α′→0
Γ
(1PI)
5
∣∣∣∣
F2
= 2πκ5
∫ ∞
πα′
dτ2
(τ2)2
∫ 1
0
[
5∏
i=1
dβi
]
δ

1− 5∑
j=1
βj


×
[
eτ2Φ(p12,p23,p34,p45,p51) + eτ2Φ(p12,p23,p35,p54,p41)
12
+eτ2Φ(p12,p24,p43,p35,p51) + eτ2Φ(p12,p24,p45,p53,p31)
+eτ2Φ(p12,p25,p53,p34,p41) + eτ2Φ(p12,p25,p54,p43,p31)
+eτ2Φ(p13,p32,p24,p45,p51) + eτ2Φ(p13,p32,p25,p54,p41)
+eτ2Φ(p13,p34,p42,p25,p51) + eτ2Φ(p13,p35,p52,p24,p41)
+eτ2Φ(p14,p42,p23,p35,p51) + eτ2Φ(p14,p43,p32,p25,p51)
]
+ O(α′) .
(31)
We have introduced Feynman parameters βi [8] in place of the rescaled yi
found in eq. (27) in order to make the field theory interpretation of the result
more obvious.
Φ(p12, p23, p34, p45, p51) = p12β1β3 + p23β2β4 + p34β3β5 + p45β4β1 + p51β5β2 .
(32)
This is a sum of the twelve independent channels of pentagon Feynman dia-
grams in the proper-time representation for a scalar theory with cubic inter-
actions.
To proceed with the zero-slope limit we integrate by parts with respect
to τ2 twice and use momentum conservation and the graviton mass shell
condition to cancel the log (πα′) terms. The πα′ log (πα′) terms cancel as a
result of expanding the lower limit of the τ2 integral. Therefore, to zeroth
order in α′ we get
lim
α′→0
Γ
(1PI)
5
∣∣∣∣
F2
=
κ5
α′
− 2πκ5
∫ 1
0
[
5∏
i=1
dβi
]
δ

1− 5∑
j=1
βj

∫ ∞
0
dτ2 log τ2
×
{
[Φ(p12, p23, p34, p45, p51)]
2 exp [τ2Φ(p12, p23, p34, p45, p51)]
+ [Φ(p12, p23, p35, p54, p41)]
2 exp [τ2Φ(p12, p23, p35, p54, p41)]
+ [Φ(p12, p24, p43, p35, p51)]
2 exp [τ2Φ(p12, p24, p43, p35, p51)]
+ [Φ(p12, p24, p45, p53, p31)]
2 exp [τ2Φ(p12, p24, p45, p53, p31)]
+ [Φ(p12, p25, p53, p34, p41)]
2 exp [τ2Φ(p12, p25, p53, p34, p41)]
+ [Φ(p12, p25, p54, p43, p31)]
2 exp [τ2Φ(p12, p25, p54, p43, p31)]
+ [Φ(p13, p32, p24, p45, p51)]
2 exp [τ2Φ(p13, p32, p24, p45, p51)]
+ [Φ(p13, p32, p25, p54, p41)]
2 exp [τ2Φ(p13, p32, p25, p54, p41)]
+ [Φ(p13, p34, p42, p25, p51)]
2 exp [τ2Φ(p13, p34, p42, p25, p51)]
+ [Φ(p13, p35, p52, p24, p41)]
2 exp [τ2Φ(p13, p35, p52, p24, p41)]
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+ [Φ(p14, p42, p23, p35, p51)]
2 exp [τ2Φ(p14, p42, p23, p35, p51)]
+ [Φ(p14, p43, p32, p25, p51)]
2 exp [τ2Φ(p14, p43, p32, p25, p51)]
}
.
(33)
As in the four-graviton amplitude, the contribution of the region F1
merely renormalizes the UV cut-off in the low-energy field theory. We can
replace πα′ → 3α′ in the lower limit of the τ2 integral in eq. (31) to write the
complete result as the proper-time representation of 1PI Feynman diagrams
for a scalar theory with cubic interactions with the modular parameter τ2
playing the role of the proper-time variable.
The surprising feature of eq. (31) is the power of τ2 occurring in the
proper-time integral. For a scalar φ3 theory in ten dimensions with five ex-
ternal particles, one would find only a single power of τ2 in the denominator
of the integrand (see appendix of [1]). Instead we find the same UV de-
gree of divergence as in the zero-slope limit of the four-graviton amplitude.
The form of the function Φ found in eq. (32) shows that these 1PI Feynman
graphs have five internal propagators in a theory with cubic interactions.
However, the low-energy supergravity theory contains both cubic and higher
order interactions with non-trivial derivative couplings. The field theory
limit of superstring theory gives the result of summing all of the contribu-
tions to the one-loop five-point amplitude with the Lorentz structure already
factored outside the integrals over the Feynman parameters. Complicated
cancellations among diagrams must occur preserving gauge invariance which
produce a term having a single transverse kinematic factor times the scalar
integral found in eq. (31). Therefore, from the field theory point of view the
UV degree of divergence found in this expression results directly from the
underlying gauge invariance of the ten dimensional low-energy field theory.
From the string theory point of view the power of τ2 occurring in the
integrand of eq. (31) is required to preserve the modular invariance of the
superstring scattering amplitude. The power of τ2 and therefore the degree
of UV divergence will be the same no matter how many external gravitons
are inserted. One can prove that such a term does come from the even
spin structure contribution to the N-graviton amplitude given in eq. (17)
as follows. Initially there are six powers of τ2 in the denominator before
performing the Grassman integrations. These 1PI graphs come from the
terms with unexponentiated powers of the loop momenta qµi multiplying the
the exp [−πτ2
4α′
q2] factor. Only an even number of such powers will contribute
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to the integral over the loop momenta, and each pair of them gives a factor
1/τ2. Each power of qµi multiplies only a single θi and the sum over even
spin structures requires exactly four factors of the Sijab in order to eliminate
all of the zi dependence of the integrand not found in the factor
exp

−iπα′
2
∑
ij
′pi · pjG
ij
11

 . (34)
Since we can always have four factors of the Sijab each multiplying a single θi,
terms with N−4 powers of qµi will occur in each of the left and right moving
sectors. Overall, we will therefore get 6 + N − 4 = N + 2 powers of τ2 in
the denominator for N vertex insertions. Each modular invariant integration
measure for the location of the vertex operator must get a 1/τ2 leaving exactly
a 1/(τ2)
2 for the integral over d2τ .
The rest of the diagrams appearing in the zero-slope limit of the five-
graviton amplitude (21) are generated as follows. Using the representations
for the chiral Green functions found in the appendix, one finds after rescaling
yi → τ2yi and then τ2 → τ2/(πα
′) that their contribution to the zero-slope
limit is given by
lim
α′→0
∂iG
ji
11 = −(yi − yj) +O(α
′)
lim
α′→0
Sij01 = O(α
′)
lim
α′→0
Sij00 = O(α
′)
lim
α′→0
Sij10 =
1
2
+O(α′) . (35)
Since the τ2 integral diverges logarithmically in the cut-off α
′, the terms of
order α′ in the above expansions do not contribute to the zero-slope limit
for zi 6= zj . One must be carefull, however, since these functions each have
a single pole in zi − zj with residue −1/2iπ. The poles do contribute to
the zero-slope limit as zi → zj . We therefore find a second set of 1PI dia-
grams that comes from the (yi− yj) in ∂iG
ji
11 and the 1/2 in S
ij
10. This set of
1PI graphs has the expected logarithmic dependence on the cut-off but con-
tains unexponentiated Feynman parameters in the integrand corresponding
to derivative couplings in the low-energy field theory. The zero-slope limit of
the terms that generate these graphs can be taken as before, and we do not
repeat the procedure here.
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The 1PR graphs which appear in the zero-slope limit of the five-graviton
amplitude come from the absolute value squared of the single poles in zi−zj .
For these pole terms we cannot set α′ to zero in the factor
∏
ij χ˜
− 1
2
α′pij
ij without
introducing a logarithmic divergence in the integration over the coordinates
of one of the vertex operators. No cross terms between different single poles
contribute as α′ → 0 since these do not introduce any singularities and
therefore vanish. We must integrate the un-rescaled zi vertex coordinate
over a small disk about zj in order to pick up the pole in α
′pij and then
take the zero-slope limit as before. For example, consider the case where
zi2 → zi1 for some (i1, i2). In practice, we can formally include all of the
twelve orderings at once. We fix zi1 to be anywhere on the torus due to
translational invariance (instead of z5 = τ) and integrate zi2 over a disk of
radius ǫ about that point. For the case of a product of five fermionic Green
functions, when one of them is near the pole the sum over spin structure to
eliminate the other four can be performed using eq. (19). In order to include
all possible channels in the zero-slope limit each contribution to the pole
must be considered separately.
The double pole introduced by eq. (24) will not contribute since the
sum over spin structures with only three propagators vanishes. The integral
over the phase angle ensures that only a 1/r2 will survive from the product
Kµ1µ2µ3µ4µ5Kν1ν2ν3ν4ν5 in eq. (21) where r = |zi2 − zi1 |. We then find up to an
overall kinematic factor tenth order in the external momenta
lim
α′→0
Γ
(1PR)
5 = κ
5
∫
F
d2τ
τ2
∫ [d2zi3
τ2
d2zi4
τ2
d2zi5
τ2
]
×
1
τ2
∫ 2π
0
dφ
∫ ǫ
0
dr r−1 exp
{
−iπα′pi1 · pi2G
i1i2
11
}
× exp
{
−iπα′
[
pi5 · pi4G
i5i4
11 + pi5 · pi3G
i5i3
11 + pi4 · pi3G
i4i3
11
+pi1 ·
5∑
n=3
pinG11(zin) + pi2 ·
5∑
n=3
pinG11(zin − re
iφ)
]}
+ . . .
(36)
We now expand the rest of the integrand in r keeping only the lowest order
term. The bosonic Green function satisfies Gi1i211 = −(1/iπ) log r + . . . and
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we get
lim
α′→0
Γ
(1PR)
5 = 2πκ
5
[
−
2
α′pi1i2
] ∫
F
d2τ
(τ2)2
∫ [
d2zi3
τ2
d2zi4
τ2
d2zi5
τ2
]
× exp
{
−iπα′
[
pi5 · pi4G
i5i4
11 + pi5 · pi3G
i5i3
11 + pi4 · pi3G
i4i3
11
+ (pi1 + pi2) ·
5∑
n=3
pinG11(zin)
]}
+ . . . (37)
The above expression contains a massless pole times the scalar part of the
four graviton amplitude with one external line having momenta (pi1 + pi2).
When all of the pieces of the five-graviton amplitude are included, one would
find all possible factorized channels consisting of a tree level three-graviton
amplitude (just a kinematic factor) times the one-loop four-graviton ampli-
tude. The rest of the zero-slope limit can be performed exactly as in ref. [1]
giving 1PR Feynman graphs with a massless single pole.
5 Conclusion
We have presented a concise and explicit calculation of the even spin structure
contribution to the one-loop N-graviton scattering amplitude in the type-II
superstring theory. In this calculation we chose to use the path integral for-
mulation of the NSR string since this approach leads directly to a covariant
result expressed in terms of Jacobi theta functions whose properties under
modular transformations are well known. Limited superspace formalism was
used in the calculation since there is no topological obstruction to the super-
conformal gauge for the one-loop even spin structure contribution.
For N ≤ 5 the even spin structure contribution gives the complete am-
plitude, and the amplitudes for N ≤ 3 vanish due to a Riemann identity
for theta functions. The N = 4 result is easily reproduced, and its modular
invariance is trivial to verify. It must be separated into three terms, each
of which is convergent in a different kinematic region. For N = 5 we find
in direct analogy that the final result must be divided into twelve kinematic
regions where each piece can be analytically continued separately in the ex-
ternal momenta. Chiral world-sheet Green functions present in the integrand
of the five-graviton amplitude produce massless single-particle poles in the
limit when the coordinates of two vertex operators come close together.
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In sect. 4 we examined the form of the zero-slope limit of the one-loop five-
graviton amplitude and identified three types of contributions. The first came
from terms with two powers of loop momenta qµiqνj which are proportional
to the spacetime metric gµiνj after integration. All of these terms have the
form of a kinematic factor times the scalar integral found in eq. (28). As
α′ → 0 these terms generate pentagon Feynman diagrams in the proper-time
representation for a scalar theory with cubic interactions. The square of the
proper-time variable τ2 occuring in the denominator of the integrand gives
the same degree of divergence in the UV limit as that found in the 1PI graphs
appearing in the zero-slope limit of the four-graviton amplitude. We proved
that the modular invariance of the even spin structure contribution to the N-
graviton amplitude guarantees that this set of 1PI graphs will have the same
UV degree of divergence for all N . For N > 5, however, there will also be
a parity violating contribution coming from the odd spin structure. It does
not mix with the even spin structure pieces under modular transformations,
and therefore could have some different dependence on τ2 in the zero-slope
limit.
The second contribution to the zero-slope limit of the five-graviton am-
plitude comes from the non-singular part of ∂iG
ji
11 and S
ij
10. These terms
are proportional to the same scalar integral found in eq. (28) but with only
a single power of τ2 in the denominator of the integrand. They also give
pentagon diagrams and have the expected logarithmic divergence in the cut-
off α′. Some of the graphs also contain unexponentiated powers of the Feyn-
man parameters in the integrand corresponding to derivative couplings in
the low-energy field theory.
The third contribution to the low-energy limit for N = 5 comes from the
single poles in the chiral Green functions as zi → zj. By integating over
a small region about these poles we obtain 1PR Feynman diagrams with a
massless single-particle pole in the zero-slope limit. The residue of each pole
is a kinematic factor times a sum of four-particle box graphs. Although no
1PR graphs are present in the zero-slope limit of the one-loop four-graviton
amplitude due to a simplification of its integrand resulting from a Riemann
identity for theta functions, we expect that they will contribute for all N ≥ 5.
Since each momentum invariant must multiply an α′ on dimensional grounds,
one cannot take the zero-slope limit without introducing a single-particle
pole as if the sum of two external momenta are on the graviton mass shell.
Therefore, if massless poles exist in the full superstring amplitude, then 1PR
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Feynman diagrams must contribute directly in the zero-slope limit and are
not generated by duality.
I would like to thank W.I. Weisberger for useful discussions.
A Appendix
Here we state some properties of the world-sheet Green functions and the
Jacobi theta functions from which they are defined. The world-sheet fermions
ψ(z) carry a spin structure [νa, νb] which can take on values [
1
2
, 1
2
], [1
2
, 0], [0, 1
2
],
and [0, 0]. Their periodicity on the torus is defined by
ψ(z + 1) = e2iπ(νa−
1
2
)ψ(z)
ψ(z + τ) = e2iπ(νb−
1
2
)ψ(z) . (38)
Theta functions with characteristics corresponding to these spin structures
are defined by
Θ[νa,νb](z|τ) =
∞∑
n=−∞
exp
{
2iπ
[
1
2
(n+ νa)
2τ + (n + νa)(z + νb)
]}
. (39)
We also have the Dedekind eta function given by
η(τ) = exp [
iπτ
12
]
∞∏
n=1
(
1− e2iπτn
)
. (40)
Superstring scattering amplitudes are invariant under the modular trans-
formations τ → aτ+b
cτ+d
in conjunction with the conformal change of coordinates
z → z
cτ+d
, where a, b, c, d are integers. These transformations are generated
by τ → τ + 1 and τ → −1/τ . For the properties under these transfor-
mations of the Dedekind eta function and the Jacobi theta functions from
which the world-sheet Green functions are defined see ref. [9]. The bosonic
world-sheet Green function G11(z|τ) given in eq. (7) can then be shown to
satisfy G11(
z
cτ+d
|aτ+b
cτ+d
) = G11(z|τ). The even spin structure fermionic Green
functions Sab(z|τ) satisfy
S10(z|τ + 1) = S10(z|τ)
S00(z|τ + 1) = S01(z|τ)
S01(z|τ + 1) = S00(z|τ) , (41)
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and
S10
(
z
τ
| −
1
τ
)
= τS01(z|τ)
S00
(
z
τ
| −
1
τ
)
= τS00(z|τ)
S01
(
z
τ
| −
1
τ
)
= τS10(z|τ) . (42)
One can prove a form of the Riemann identity for theta functions which
can be written
∑
ν
(−)a+b
4∏
i=1
Θab(zi|τ) = 2
4∏
i=1
Θ11(wi|τ) , (43)
where
w1 =
1
2
(z1 + z2 + z3 + z4)
w2 =
1
2
(z1 + z2 − z3 − z4)
w3 =
1
2
(z1 − z2 + z3 − z4)
w4 =
1
2
(z1 − z2 − z3 + z4) . (44)
Using the definition of Sijab given in eq. (7) and the fact that Θ11(0|τ) = 0
one can then show
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
Si1i2ab S
i2i1
ab = 0
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
Si1i2ab S
i2i3
ab S
i3i1
ab = 0
∑
a×b=0
(−)a+b
{
Θab(0|τ)
[η(τ)]3
}4
Si1i2ab S
i2i3
ab S
i3i4
ab S
i4i1
ab = −1 . (45)
We may obtain representations of the chiral Green functions as infinite
sums which are useful for calculating the low-energy limit of superstring
scattering amplitudes. We begin with the mode expansion for the Green
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function and then perform one of the two sums using the Sommerfeld-Watson
transformation.
∂
[
G11 +
1
4iτ2
(z − z)2
]
=
1
2
+
e2iπz
1− e2iπz
+
∞∑
m=1
[
e2iπm(τ+z) − e2iπm(τ−z)
1− e2iπmτ
]
, (46)
valid for 0 ≤ Im z ≤ Im τ .
S01(z) =
eiπz
1− e2iπz
+
∞∑
m=1
[
e2iπ(m−1/2)(τ+z) − e2iπ(m−1/2)(τ−z)
1− e2iπ(m−1/2)τ
]
, (47)
valid for 0 ≤ Im z ≤ Im τ .
S00(z) =
eiπz
1− e2iπz
−
∞∑
m=1
[
e2iπ(m−1/2)(τ+z) − e2iπ(m−1/2)(τ−z)
1 + e2iπ(m−1/2)τ
]
, (48)
valid for 0 ≤ Im z ≤ Im τ .
S10(z) =
1
τ
eiπz/τ
1− e2iπz/τ
−
1
τ
∞∑
m=1
[
e2iπ(m−1/2)z/τ − e−2iπ(m−1/2)z/τ
1− e2iπ(m−1/2)/τ
]
, (49)
valid for τ1
τ2
Im z ≤ Re z ≤ τ1
τ2
Im z + 1.
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